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1. INTRODUCTION

quasi category 0 0 OO0 derived algebraic geometry 000000000000
O elliptic cohomology 00000000000 OOODOODOOODOOO Jacob Lurie
gooooooboooooobbobbbbooooooooooooboooogoo
oo0000ooooOoOo0oooooooOoOooOoOoOooooooooOooOooooo
O0000OLwieOOO0OOOO0OOO http://www-math.mit.edu/ lurie/ 00000
0000 “Survey article on elliptic cohomology” OO0 0000000

goo0ooboododsuwrveyDOODODOOODOOO0DO0OODO0OOOO Luried O
gobobdooobooobbooobooooobobboobobbooobboo
OO0O00ODOquasi category DO DO OOOO0OODOOOO

2. 00 DERIVED ALGEBRAIC GEOMETRY O
21. 000000000-Bezout0 OO0 O0OO0QoOooonQ.

00 2.1 (000 Bezowt 000 -0000000). 000000 m,n 0 smooth
curve C1,Cy CSCP? 0 CyNCo, 00O # | C1 N Cs |= mn.

00000[C1),[Ce] € H*(CP?*;Z)=Z OO
[01002]: [Cl]U[Cz] EH4((CP2;Z)EZ.
000 CiNC,0000000wariety0 00000000000

oo 2.2 (|:||:||:| Bezout 0 O O —DDDDDDDDDDD). gooodd m,nd
smooth curve C1,Cy S CP? 0 CyfiCy,# | C1NCs |[< oo OO O# | C1NCs |< mn.

O000000#|CiNC <o 0000O00ODOO

Specinc, IMy(Cy, C2) = mn;  IM,(Cy,Cs) = dime Ocpz ./ (f, 9).
O000O00(ChowringO) [C1NCy] =[C1]U[C2] 0D0D0O00C, NC, O scheme
oooooooooooo

00 2.3 (00000 Begout 000 = Serre000). (i)degCy; = m,dimC; =
a, degCy = n,dimC> = b O 0O smooth subvariety Ci,C> C CPe, (a+b=4d)D
ClmCQDDD#|ClﬂCQ |:mn.

(11) ClmCQ,# | CiNCy |< oco OO

. Ocp2,
EpEolﬂCZIMp(Oly 02) = mn,; IMp(Cl, 02) = E@o dime TOI“i cP2, (Ool’p.(/)c%p).

00000(000 sophistcate 000 0O) [C1NCy] = [C1]U[CL] DO O0O0O0O0OCINC,
O derived scheme 00000000000 (ODODO)O

22. 0000000000000 — Cohomeology 0 Steenrod 00 O000DO.

00 2.4 (Mandel). 000000000 ROOODDOO XOOOOHY(X;R) =
ﬂ;n(HRX)DDD E-ring spectrum HRX 0000 XDOOOOODOOOOOO
(i) Ewo-ring spectrum HZX 0D X 000000000 00000O

(ii) Eso-ring spectrum HZ/p* 0O O X)0o0ooooooooooogd

1
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00 (mod-2 Steenrod 00 A*0 mod-20000000000 — DerivedOO).
A*@ H*(X;Z/2) - H*(X;Z/2)
H*(X;Z/)2) — H*(X;7/2) A,

SpecA. x SpecH*(X;7/2) — SpecH*(X;Z/2)
OX=RP*0000000 formal group lawG, 00000000 AutG, O affine
schme SpecH*(X;Z/2) 00000000

SpecA. x Specly [[t]] = SpecFy[[t], SpecA. x Go = Ga, SpecA. ~ AutG.,;
AutG, x SpecH*(X;7./2) — SpecH*(X;7/2)
OOOOO0O0 derived versionO0O0O0O0O0O0OO0O
HZ)2* - HZ)2" N (HZ/2A HZ/2)
Spec(HZ/2 A HZ/2) x Spec (HZ/QX) — Spec (HZ/QX)

00 derived 000 Spec(HZ /2N HZ/2) O derived affine schme Spec (HZ/QX) O
oooooooboobgoogog

3. E-RING SPECTRUM O 0 DERIVED SCHEME [
3.1. Ex-ring spectrum — 00000000 “0”quasi category.

00 3.1 (Eering 00000 derived scheme D000 00O).
() 0000 XUOO Ering0000 FOOOXOOOOU,VvOOOOO

FUOUUV) ——  F(@)

! l

FUOUUV) —— FUNV)

O O quasi category 0 0 O O O homotopy pullback D 0000000
(ii) Eso-ring spectrumA O derived affine scheme SpecA 00 00O O Zariski 00O
0000000000 Spec(mpA) 00 Eo-ring 0000 Ogpeca 0000

SpecA = (Spec(moA), Ospeca)
D0femA0DOO00DD0 Uy={P|f¢P0
Ospeca(Uy) = A[f ]

000 Ering A[f~!] 000000000000
(iii) derived scheme (X,0x) 0000000 X OO E-ring0000 Ox 000
0000000 derived affine scheme 0000000000000 ODOO

locally
(X7 OX) = (Spec(ﬂ-OA): OSpecA)
O 0. derived scheme 0000 OO cocomplete 0 0 O
— 0O modelDOODOOODO

00. (i) derived scheme 0O 00000 quasi category 0 0 0 O
(ii) (A. Joyal) quasi category 00O 0000000000000 O0D0OOOOOO
OO0 KenOOOODOO



4. QuAast CATEOGORY
4.1. Quasi Category 000 — KanO[O O Category [0 Nerve.
O0. () oo0o0o soooo

Vi

AP —— S
s
SO KenOO <> 0<Vi<n, af
A"
(i) o000 SOoO0OO
n Vi
A
SO00 ¢O nerve N(e) 0 2 < 0<Vi<mn, [ 31f
A"
4.2. Quasi Category 000 000000000.
00 4.1. 0000 SoO0OO
n Vi
A g
B
SO quasi category <= 0 < Vi <n, [ 3y

A"

O00. 0000 quasi category DO KenODO SOO0 c¢O nerve N(¢) DO0O0OO0OO
00000000 Oquasi category 000000000 OOQO (small) category O
goooooboobooooood

00-00 4.2 (Joyal). quasi category C 00 00

e (o000 objectD DO OO
e C; 000 morphism OO 00
e X, YeCoUOODOODOO

Mapf X,Y), = {0 € Coy |c 0000000 X;00000Y OO0 }
0 KanODODOODOO

OO0 4.3. quasi category C 0 00O Oobject X € C O initial =

Vfo: 0A™ = C, sit. fo({0}) =X, 3f: A" > C,s.t. f laan= fo.
00 4.4. C 0000 object X € C O initial <= VY € C,Map,(X,Y)000.
4.3. Quasi Category 0000 00DO.

0O 4.5 (0000 quasi category 0 O).
() 0000 X0O0DOOOO0 S.(X).
(i) 0O ¢ O nerve N(c).
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0O0-00 4.6 (Lurie). t0 0000 (D000 HomOOOODOOOOOOOOODO)
000000000000000000000 N(t) 00 quasi-category 000 :

N(t)o = {t O objexts }
N(t); = {¢ O morphisms}
Y
N@t),={000000000 f/‘ Y 000Hom(X,Z) 0000 hOO gofOO0O
XT)Z
N#):;000D0D0000000000000000:
(1) OO0 objects:W, X,Y, Z € t.

fxy

—

X —2 sy
Y fr,z
(2)|]|]E|morphisms:f\ >_< A7 (0opoooooo)
wW,X -
W Z

fw,z

(3)0o00: fwy — fxyofwx, fxz— frzofxy,

fwz = frizo fwy, fwz— fxzo fwx

fW,Z —_— fX,Z © fW,X

(4)Hom,(W,Z) 00000000000 : J l

frizofwy —— frizo fxyo fwy
Nt)n(n=4):0000000.
00 4.7 (Lurie). SO simplicial 000 0O00ON(#) DOO0000 A(S)000000
000SO000D000000 KanOOODOOWN(S) O quasi category 0000

O 4.8 (Lurie). simplicial model category A0 O O 0O O fibrant OO cofibrant O
object 00 0D0DO00D0 A 0000ON(A%) O quasi category 0000

OO0 4.9 (Shipley). Eoo-ring spectrum A OO Eo-ring spectrum 0000 Alg, O
simplicial model category O O OO

O00-0 4.10. Ey-ring spectrum A0 0 E-ring spectrum 00 00 Alg, O fibrant
0O cofibrant O object 0000000 Alg% 00O quasi category N (Alg%) 00D
000000 A-algebra0 00 quasi category 0 0 00O

O0. () 0000 ¢+000O0S. () D0o00O00000U0DO0DO0OOOOUDOooO
00000 simplicial category 0 0 0 00N (t) = N(S.(t)).

(ii) Alg, 00000000 0000000000000 quasi category 00 00 0
000 A-algebra 00 0O quasi category0 00000000 quasi category 00 0 0
OO0O00O000OD0 derived scheme OO0 O0O0O0ODOOOOOODOODOOOOODOO
quasi category 0O 0O 0O OO

5. DERIVED SCHEME

5.1. Quasi Category [0 Derived Scheme 00O 00DO.
E-ring spectrum A 00 000 derived affine scheme SpecA 00000000
00000 quasi category C = N'(Alg%) 000000 SpeemyADDDD FOOOO
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O0: PO0O SpecnpAD femADDDO Ur={P|f¢P} 0000 poset
oooFooooo
F:N(P°P) = C =N(Alg%)
O000dstep-by-step0 00000
O-simplex: F(U;) 0000000000
Clf™']:=Al%0000 A-algebra BOO f0 m(B) 000000
000000 €O simplicial subcategory
O initial object A[f~'] e C[f~'|00000DOODOO0O
F(Uy) = A[f 7]
gooo
n-simplex (n > 0): F(Uy, S Uy, €---C U, )) 000000 F|pa- 000
00000000000000006"000000000 A[f;Y]0 Clf;]
O initial object 00O O0OO0DOOO0OODOOOOOO

Floan

OA™ —= C[fy "]
et

a
An
OO0-00 5.1. derived scheme OO0 000000000
Hom((X,0x),(Y,0y)) = [[ Homo(Oy,£.0x)E [[ Hom(Oy,f.Ox)
f:X=Y f:X—=Y
000 0OHomo(Oy, fiOx) 0 0Hom(Oy, fOx) 0000 z€ XOOO local 0O O
100y, f(2) = T0O0x,. 00000 Ex-ring 00000 localmap 00000000

00000000000 quasi category O O derived scheme [0 0 O quasi category
oo

00 5.2. derived scheme (X,0x) 000000 XOOOOOOO
U( g X) '—)Fo(OX(U)) oood 7T00X DDDD(X,W[)O)() O (X,Ox) O

open

underlying ordinary scheme 00000000 (X,0x)0000

5.2. flat 00O etaleO.

oo 5.3. (i)E'OO—ringDDDD fA->BUOflat00000000OOODOOOOO
(1) mof :m0A - mBOOO0OODO flat.
(2) 7TiA®,TOA7T[)BZ7TiB (V’L)
(ii) derived scheme 000D p: X » Y 0 flat 0000000000 ()0000
flat 000000

00 5.4. (i) E-ring0000 f:A— B0 etale000000O000O0O0OOOO
(1) mof :m0A - mBOOO0OOODO etale.
(2) A Qpoa moB ~ m;B (Vi)
(ii) derived scheme 000D p: X »Y 0 etale 1000000000 ()0000
etale000OO0O0O
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5.3. derived X-scheme, X-group.

OO0 5.5. (i) derived X-scheme OO derived scheme O O_derived X-scheme 0000
derived X-scheme 0 0 00O O Oderived scheme 000000000 DOOOO0OO0O0O
00 quasi-category 00 00O DO OO0 O Oderived X-scheme O OO quasi category
oo

(ii) derived scheme X 0O O O0G 00 X 00 derived commutative group schemel
00000 commutative X-group, 00000000 0O0OOOOOOOOO

(1) gOoO0OO0OO00 G: {X-schemes} — {topological abelian groups}

(2) DOO0OO0O0O {X-schemes} 5 {topological abelian groups} — {topological spaces}
O O up to homotopy 0D 000 X O flat O derived X-scheme 0O 00 00O
good

X = SpecADDOODOODODOOOO Ocommutative X-group 0 O O O Ocommutative A-group
gooboooooo

6. 000000000 — DERIVED ALGEBRAIC GEOMETRY DO OO0
6.1. Derived Scheme [ [0 Quasi-coherent sheaf.

O0. Ex-ring ADDOOOO A-module spectrum 000000000
= derived scheme X 00 Ox-mdule M OO0 affine000 UDO0O M(U)DO
Ox (U)-module spectrum D0 0000000000000

00 6.1. (i) Ex-ring A0 0000 A-module spectrum M 000000
M(Uy) = M[f '] = Moa Alf ]

|:||:||:||:||:||:||:||:|DDDDOSPECA—mOduleMDDDDDD
(ii) derived scheme X 00O M O quasi-coherent

locall ~
<D:D> (X) OX>M) s Y (SPGCAa(OSpecA)M)

6.2. Eo-ring spectrum 0 orientation 0000000000000 0O. 0000
E.ring ADODDODOOODOOOOOOOOODOOS-0000000000

000. A% (x) 0 A(CP>)00000000

0 0 O O derived afine scheme SpecA 0 O derived commutative group scheme
G — SpecA 00 Ag1 ~ 0g(G) = AY” 0 E,, —ring000000000 (OD0O)
ooooooooogoo

Agr ~ 0g(G) — ATF™
— CP>® x 0g(G) — A
= CP> — Hom g1, 4(0g(G), A)
<= CP* — Homgpeca(SpecA, G) = G(A).

00000O00000oO00000oo00U0ooO00oUoO0U0O (DO)ooooo
gooooo

P> "2 Homagpeen (SpecA, G) = G(A)
< (S?,%) = Homgpeen(SpecA, G) = G(A).
00 6.2. n:(S?,%) = G(A) OO preorientation 0 0 0 O
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00 6.3. () 0DO0000D0000 700007 2 Homeon(T,$1) 000D
(ii) derived afine scheme SpecA 0O O derived group scheme GO OO OO0 OO0
oo
Gr = Hompgg (TV; g)

00 64. CO00D0OO0O00ODODOOOOOTOOOUOO BrOoOOoOoOoOOO
gbooooobooobooogoboooboboooooobooobooo

(1) preorientation 7 : (S%,x) — G(A).
(2) 000000 ¢ :C — { derived A-schemes} 0000000000 ODO
G(BT)~GrOOOOO

00 6.5. 00000DOOOODOOTOOOOOOOOO
Fr:{0O0 T-CWODO } - {Gr 00O quasi-coherent O }

0000 {Ff}00000000O00000O0O0O0DOO0OOODOO0OOOO

(1) Fp:T-000000000 w quasi-coherent sheaf 0 0 O

(2) Fr:T-00000 homotopy colinit — quasi-coherent sheaf 0 0 O homotpy limit

(3) Fr:0000 ~ Og.,

(4) f:TCT'0D0O000OQ derived A-schemesO 0O f:Gpr — G 00000

0000 quasi coherent sheaf 0 0 O direct imaged f, 00000000
f*]:T(X) = .7:Tf (X XT T’)

00 6.6. 00 T-CWOODOOOOODOO XS X0OOODO

Fr(X, Xo) = fiber of (Fr(X) = Fr(Xo))
0000 Ex-ring Ap(X) =T(Gr, Fp(X))0OUODOOX O T-00 AOODO
AB(X) = 7 (Ar(X))
oooooooor-cwoooooooon X, SX0ooooooooooo
Fr(X, Xo) = Fr(X) = Fr(Xo)

O7-00 A00DDOO0DOOOOODOOoO0n.
O00.0000000A4%0 RO(T)-0DOOODODOO

000000000 preorientation 000 0000O0OOO

O0-00 6.7. (i) derived group scheme G — SpecA O underlying ordinary group
scheme Gy — SpecmgA O identity section SpecmgA — Go OO OO G, OO OOO0O
00 Qg /ma 0 SpecmpADDODDOD0O000wO0OO

00oooooono nmpA-0000wDO OO0

(ii) preorientation n : (S%,%) — G(A) O O O O derived affine subscheme SpecB =
U C G O O identity section SpecA - GO O 0000000

n:(S?, %) = G(A) = Hom(SpecA, G)
<1 : (5% %) = G(A) = Hom(SpecA, SpecB) = Hom(B, A)
<= BxS* A, (B=Bxx— Al identity section 0 0O )
e B A5, (A5 5 A*=A400000 identity section 0 0 0)
— mA-00000 mB — m0(AS") = mA® mA, (00000 identity section 0000 0)
<= mpA-derivation mHB — mA
< f:mpA-module 000 w— mA
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Oo0O0O00mA-module 100 frw—-mAOdOOOOO

00 6.8. preorientation 7 : (S%,%) — G(A) O orientation 00000000000
gooooao

(1) G — SpecA O underlying ordinary scheme O Gy — SpecmgA O smooth O
oooo 1
(2) mpA-module 000 B:w—-mAUO000ReZID0O0O0DO0O0DOOO

TnA Qroa w S Y|

00-00 6.9. G: oriented A-group, 7: 000000000 O0OO,V:TO0O0OO
goooooooosSveBV:Voooooooooooooooo

(i) quasi coherent sheaf Ly := Fr(BV,SV) 00 Gy 00O line bundle.

() OOO0oOoOO0O7-CWOO XOoOoooooooo

Ly @ Fr(X) 3 Fr(X x BV, X x SV)
ooooooo
gooon
o000 ToO000000O00O00O V,V'I:II:II:II:II:II:II:II:I :EV®EV/:>EV@V,

—T00000virtwal OOODO0O0O0 VOODOOOOLy OOOOGQOnO
— 000000 7T-CWDOO XO0O0TOOODOOvirtwal ODOODOOO VODOOO,
AV(X) =1 (T(Gr, Fr(X) ® L3"))
O0OD0ODRO(T)-000000D0O00ODOOO A0000000

6.3. Ex-ring spectrum [J orientation 00000000000 O00O0O.
OO0 6.10. 000000000 GOOOOOOOOO
Aq:{G-CWODO }—-{00000O0O }

0000 {Ag}0000000D0O00O00DO0UO0OOODOO0UOOODOO0OO

(1) A¢:G-00000000O0 »~UO0OD0OOOUODODOOOOODOO

(2) Ag : G-000 homotopy colinit — 0000000 homotpy limit

(3) 000000000000 UOO0D HCGUOO H-CwWOO XOooooao
gooboooooooooooo

An(X) ~ Ac((X xu G)

(4) G=T,000000000000000X0O00 T-cwOooooood
Ar(X) =T(Gr, Fr(X)).

(5) G-cwoOnQ E*GO0GOO0OO0 HOOOO

itHOOOO
ey =0
ooo ifHOOO
dodooooooooooooooooooooDoo G-cwoo Xoo
goooooa

Ag(X) 5 Ag(X x E*@)
Doooooo00ooo
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00. (5)00Ax(X)000000O00O0O0O0OO0O0OOOOUOOOOOO TOUOO
0 Ay 000000000000 (5)000000000000000OO0 Hopkins-
Kuhn-Ravenel D0 OO O00O0O0DOO

00.0000000A450 ROG)-0O0DOOODOOO..

7. Lurie 0 OO ErLLiptic CoHOMOLOGY O

7.1. Derived Scheme [0 0 Oriented Derived Elliptic Curve.
00 7.1. derived scheme 00 p: E — X O Oderived scheme X 0 O derived elliptic curve
ooooooooooooono

(1) pO flat 00 E O commutative X-group D 00000

(2) pO000 O underlying scheme 00 p: E— X O0OOD 00D 000 scheme

X 00 elliptic curvel

00 7.2. oriented derived elliptic curve 0 O derived elliptic curve £ — X 0O 0 ori-
entation (52, %) — Homx scheme(X, B) 000000000

7.2. Derived Deligne-Mumford Stack.

00 7.3. derived Deligne-Mumford stack (X,0x) 000 E,-ring 0000 Ox
00 topos X 000 0O0ODO derived affine etale topos 0000000000000
oog

locally

(X,0x) =~ (SpecmoA, Ogpeca)
(0D 00O (SpecmoA, Ogpeca) 00 Exo-ring A O etale topos.
00 7.4. derived Deligne-Mumford stack (X,0x) 000000 XO0OOOOOO
U( — , X) d Wo(OX(U)) ogoood 7T00X oooo (X,ﬂ”gOX) a (X, Ox) 0
pen
underlying ordinary Deligne-Mumford stack 00000000 (X,0x)0000

7.3. 000 — Oriented Derived Elliptic Curve 0 0 0 Derived Moduli Stack
00000 sheafOOO.

00 7.5. derived Deligne-Mumford stack M 00 0000000000000
aoo

(1) Hom(X, Mder) ~ {oriented derived elliptic curve over X} .
(2) Mder ~ ellliptic curve 0 0 00O moduli stack.
(3) Mder 0000000 wOOODOOODDOODOOOD ROOODO

w:{ROOOOODO ellliptic curve} — {R-00 }

O000Ew Lie(E)V 2 E0DDODOOOOO RODO 00000000
000wk (k€Zs)00000000000000000000

F(Md”,@kezggwk)
O0Z00O modulr formO0000 OOO0ODO
T(Mder, @keZZOwk) =~ Zlecs, 6, N/ (ch — 3 — 1728A)
0000000000000 w0 Ope- 00000000000
Vi€ Z, 3 Mder 00 quasi-coherent sheef D0 0000000000
0 if {000
wk if i=2k, 00

“o

WiOMdeT ~



10

O 7.6 (Hopkins-Miller). elliptic curve 00 O 0O moduli stack Mder 00 E-ring
afsfs)ulsfala)uls]s L

D(Mer O ygaer) ~ tmf[ATY
0000000 E0,0000000 242 =57600000000000000

74. 00 7.5(1)(2) 000 0OO-Artin Representability Criterion 0 Derived
O0.0075(1)(2)00000000000000000000000DO0O0O0O0O0O
Joooooooboooooooooo

00 7.7 (Lurie - Artin Representability Criterion 0 Derived O O).
0000 F:{00 Ex-rings} » {0000 } 0000000000000
(1) OO0 Deligne-Mumford stack (X,0)000000F |{ppppop 000
agoo
vOOO R, F(R) ~ BHom(SpecR, X, 0)),
00 00OBHom(SpecR, X,0)) O groupoid Hom(SpecR, X', 0)) 000000
(2) FO etale descent DO 000
(3) FOO ‘O00OO00OODO “deformation theory 0O OO

= derived Deligne-Mumford stack (X, (5) goooooF0oooooo
7.5. 00 7.5(3)) D000 O-Serre-Tate 0 0 O Derived 00O .

00 7.8. AQD Ering0000000 ¢: {00 A0O0 }—»{0000000 }
000000000000 ADO height h O derived p-divisible group 0 0 0000
(1) 0000 goOo{00 A-00 }0 flat 000000 DO quasi category 0 0 O
gooooo
(2) OUO0O00000P":¢—-¢Gg0fat00000000O0OOGpr0OOO
(3) lat 0000000000000 0000DO colimGlp?] ~ G.
(4) Vn € Z>g, G[p"]00AD0D OO0 flat O rank p™* 0 Ocommutative A-group

good

00 753)000000000000000000000O0O0OOOODO0OO0
gbooobooobooobooboon

00 7.9 (Lurie-Serre-Tate 0 O O Derived 00 ). Eo-ring ADO DO OmADDDO
gooooOooooOoooOoOoOoOoOO p>00VneZ, m, ADDODOOO mgA OO
U 00400 quast category U cartestan U OO OO OOO

{derived affine schme SpecA 0O derived elliptic curves E} —— {A 00 derived p-divisible groups E[p™]}

{affine schme Speck O O elliptic curves Ep} » {k OO p-divisible groups Eo[p*°]}



