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Abstract

We shall study smooth SL(m,C) x SL(n,C)-actions on the natural
(2m+2n-1)-sphere whose restricted action to the maximal compact sub-
group is standard. We shall show that such an action is characterized by a
smooth R?-action on the 3-sphere and consequently there exist uncount-
ably many topologically distinct such actions.

1 Introduction.

Let v be the orthogonal SU(m) x SU (n)-action on the natural (2m-+2n—1)-
sphere. If m,n > 2, then the action has codimension-one principal orbits with
SU(m—1)x SU(n—1) as the principal isotropy subgroup. The action restricted
to the principal isotropy subgroup has the fixed point set F' diffeomorphic to
S3.

In this paper, we shall study smooth SL(m,C) x SL(n,C)-actions on the
sphere for m,n > 4 whose restricted action to the maximal compact subgroup
SU(m) x SU(n) is .

The characterizaton of such actions of non-compact simple Lie groups on a
standard sphere was first introduced by Asoh [1] and improved by [6], [3] and [7].
SL(m, R) x SL(n, R)-actions and SL(m, H) x SL(n, H)-actions are studied by
[8] and [9], respectively.

In §2, we shall give some subgroups of SL(m,C) x SL(n,C) using in the
later. In §3, we shall give examples of smooth SL(m,C) x SL(n,C)-actions
on the (2m 4 2n — 1)-sphere with one open orbit. The other sections, we shall
construct such actions on the sphere with plural open orbits.
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2 Certain subgroups of SL(m,C) x SL(n,C).

Let L(n),L*(n), N(n) and N*(n) denote the closed connected subgroups of
SL(n,C) consisting of matrices in the form

Ll .. x] JL[0 ... 0] [x]= *
0 * 0
) ; and ,
0 * 0
respectively.

Let o be the automorphism of SL(n,C) defined by o(A4) = A*~!. Then the
restriction o|gy () is the identity on SU(n) and we see o(L*(n)) = L(n) and
o(N*(n)) = N(n). We have the following lemma. The proof is same as [9].
Hence we omit it.

LEMMA 2.1. Suppose m > 4 and n > 4. Let S be a closed subgroup of
SL(m,C) x SL(n,C) such that the natural SU(m) x SU(n)-acton on the ho-
mogeneous space (SL(m,C) x SL(n,C))/S has at most three isotropy types
SU(m) x SU(n—1),SU(m —1) x SU(n) and SU(m —1) x SU(n —1). Then

(1) If S contains SU(m) x SU(n — 1), then SL(m,C) x L(n) C S C
SL(m,C) x N(n).

(2) If S contains SU(m—1) x SU(n), then L(m)x SL(n,C) C S C N(m) x
SL(n,C).

(8) If S contains SU(m — 1) x SU(n — 1) but S does not contain SU(m) x
SU(n —1) nor SU(m — 1) x SU(n), then L(m) x L(n) C .S C N(m) x N(n).

Here the results are described up to an equivalence under automorphisms of
SL(m,C) x SL(n,C) which leave invariant the subgroup SU(m) x SU(n).

Now we also define the closed connected subgroups N,,(a) of N(n) and N(a :
b) of N(m) x N(n) consisting of the matrices in the form

expa@‘* ce. % expa@‘* ce. % eprﬁ‘* e %
0 0 0
: * 7 : * 7 : * ’
0 0 0

respectively. Here § € R and a,b are complex numbers satisfying (a, b) # (0, 0).

3 Twisted linear actions.

Let a, 8 be complex numbers satisfying Rea > 0, Re 8 > 0. Then there is the
smooth action @, 5 of SL(m,C) x SL(n,C) on S*"+2"~1 defined by

®,5((A,B),u®v) = exp(ad)Au @ exp(56) B, (3.1)



where (A, B) € SL(m,C) x SL(n,C),u ®v € §?m+2"=1 c C™ & C" and 0 is
a certain real number. The restricted SU(m) x SU(n)-action is the standard
action 1. The action ®, g is called the twisted linear action . We see the action
®, 5 has just three orbits; One is an open orbit and the others are compact
orbits. Especially, if Re a = Re [, then the righthand side of (3.1) is presented
as follows.

exp(—(1 +icy) log||Au & Bv)|)Au @ exp(—(1 + ica) log||Au & Bv)||) Bv,

where c1,co are certain real numbers. We denote the action by ®(, .,). The
isotropy types of this action are N(1 4 ic; : 1+ icy) at the open orbit and
Np(1+idc1) x SL(n,C) and SL(m,C) x Ny (1 +ice) at the compact orbits.
We say two actions @ (¢, ), P(cr ey of SL(m, C)x SL(n, C) on §*™+2"~1 are
equivalent if there exists an SL(m, C) x SL(n,C)-equivariant diffeomorphism.
Considering the restriction of the equivariant diffeomorphism to the two
compact orbits, we have the following.

LEMMA 3.1. If two actions @, c,), P(c; ;) are equivalent, then (c1, ca) = (¢}, c5).

COROLLARY 3.2. There exist non-countably many non-equivalent smooth SL(m, C')
x SL(n,C)-actions on S?™ 2"~ with one open orbit whose restricted SU(m) x
SU(n)-action is 1.

4 Smooth SL(m,C)xSL(n,C)-actions on S?"+?1

We consider smooth SL(m, C)xSL(n, C)-actions on $2"+27~1 whose restricted
SU(m) x SU(n)-action is t. The action 1 has codimension-one principal or-
bits with SU(m — 1) x SU(n — 1) as the principal isotropy subgroup and has
two singular orbits. We put F = {ue; + vemi1||ul*> + [v|> = 1}, where
€1, ,€m,€mi1,  * ,€min is the orthonormal standard basis of C™ @ C".
Then F is the fixed points set of the restricted SU(m — 1) x SU(n — 1)-action
of 1 on §2m+27—1 THereafter we define

G =SL(m,C) x SL(n,C),
K = SU(m) x SU(n),
H=SUm-1)x8SU(n-1).

Let ® : G x §2m+2n=1 _, §2m+2n—1 he 5 smooth G-action whose restricted
K-action is 1. We denote by F(S) the fixed point set of the restricted S-action
of the action ® on S?™*2n~1 Then we see that F' = F(H).

LEMMA 4.1. For any smooth G-action on S*™+2"~1 whose restricted K -action
is 1, the set F coincides with F(L(m) x L(n)), F(L*(m) x L(n)), F(L(m) X
L*(n)) or F(L*(m) x L*(n)).

The proof is same as [8],[9]. By this lemma and the automorphism o of G,

we may assume F' = F(L(m) x L(n)) for the action ®. Moreover, we have the
following.



LEMMA 4.2. Let ® : G x §?m+2n=1 _, §2m+2n=1 pe g smooth G-action whose
restricted K-action is ¢ and F = F(L(m) x L(n)). Suppose x € F. Then

(1) If G contains SU(m — 1) x SU(n), then G, = N,(1+ic;) x SL(m,C)
for some c1 € R

(2) If G, contains SU(m) x SU(n — 1), then G; = SL(m,C) x N, (1 +ica)
for some co € R

Proof. We shall show the case (2). By Lemma 2.1, we have
SL(m,C) x L(n) C Gy C SL(m,C) x N(n).

By the dimension of the orbit, we have dim G, # dim (SL(m,C) x N(n)).
Suppose dim G, = dim (SL(m,C) x L(n)). Then the orbit G(x) is 2n dimen-
sional and must contains a principal orbit of the restricted K-action 1. This is
a contradiction. Hence we obtain the result.

We denote the elements D1, (0), Da,c,(0), D1(t) and Dy(t) by

[exp(1+ic1)0 |0 ... 0
0
Dy, (0) = . € Csr(m,c)(SU(m — 1)),
. .f[m,l
i 0
[exp (1 +ic2)0 |0 ... 0
0
D2,C2 (9) = . S CSL(HVC)(SU(TL . 1)),
: yIn—l
i 0
Dl(t) :diag(t7t71717" 1) € NSU (SU( ))7
Dy(t) = diag(t,t ", 1,--- ,1) € Ngy(m) (SU(n — 1)),

respectively , where 6, c1,co € Rt € U(1),2™ Y exp(1+ic)f = 1,y" Lexp(l+
ic2)f = 1,C4(B) is the centralizer of B in A and N4(B) is the normalizer of B
in A. We put

Dy (R) ={ ()6 € R},
Dy, (R) ={D2,,(0)|0 € R},
M (cq, c2) D1,C1(R) x Dy ., (R)
T = {(D1(t1), Da(t2))|t1,t2 € U(1)}.

DlCl

Now we have the following decompositions by the slight deformation of the
Iwasawa decompositions of the Lie groups SL(m,C) and SL(n,C) .

SL(m,C) = SU(m)D1 ., (R)L(m),SL(n,C) = SU(n)Ds ., (R)L(n), (4.1)

where c¢1, co are any real numbers.



Let @ : G x §2m+2n—1 _, §2m+2n—1 he 4 smooth G-action whose restricted
K-action is 1 and F = F(L(m) x L(n)). Then by Lemma 4.2 we have

Ge, D Np(1 +icy), Ge,,., DO Np(1 +icy)

for some real numbers cq, co. The restricted M (cy, ¢a)-action on F' implies the
R*-action ® (e, o,y ¢ R? x F — F defined by

(I)M(ClgCQ)((el’ 92)? (u7 U)) = @((Dl,q (91)3 D2,Cz (92))a (u7 U))’
where (u,v) = ue; @ veny+1 € F. We can describe
(I)M(chcz) ((017 92)a (’LL, U)) = (Cb(ol, 02a U, U)v b(ela 027 u, U))

for certain complex valued functions a, b. Since Dy . (05)Ds(ts) = Ds(ts)Ds ¢, (0s)
(s =1,2), we have

a(91, 92, tl’LL, tgv) = tla(91, 92, u, ’U),
b(01, 02, t1u, tav) = t2b(61, 02, u, v),

for any (t1,t2) € T. Hence we see that there exist smooth complex functions
o, 3 on R? x F satisfying

(L(el, 927u,v) = UOZ<917 927“’7“)7
b(@l, GQ,U,U) = 95(917 927”7”)'

the functions «, § satisfy the following relations:

06(917 927 t1u7 tZU) = 01(91, 927 u, U)a
B(01,02, t1u, tov) = B(01, 02, u,v),

for any (¢1,t2) € T. We also have
(0,0, u,v) = £(0,0,u,v) = 1.

THEOREM 4.3. Let ®,®' : G x §?m+2n—1 __, §2m+2n—1 bo gmooth G-actions
whose restricted K-action is 1 and F' = F(L(m) x L(n)). Suppose ®pr(c, c,) =
¢§\J(C/1’C/2) and (c1,¢2) = (¢, ¢5). Then & = @’

Proof. For the action ® we have real numbers ¢y, co satisfying
Ge, D Npp(1 +ic1),Ge,,,, O Nuy(14ica).

Using the numbers ¢y, ¢, we decompose SL(m,C), SL(n,C) as (4.1).
Let g = (g1,92) € G and decompose g, as

gs = ksDs e, (05)ls (s=1,2).
Then we have

®((g1,92), uer ® vepy1) = aukier & fvkayepm 1.



We also have

0 = 10gM 0y :1ogw
[uer]l [vemiall
for uv # 0 . Hence we obtain
®((91,92), uer ® vemy1)
= aexp(—(1 +ic1)log M)gluel ®© Bexp(—(1+icg)log w)gwemﬂ
e [veml
for u > 0,v > 0. Here
|g1ue || llgavem1l|
a = aflo ,1o e, |lve 7
(log luel]| [vemil] [uerl]; [[vemt1l])
ue ve
6 — 6(10g ”gl 1” ,log ”92 m+1|| ’ Hu61||, ||1}em+1||)_
[[uer]] [vemll

For any u @ v € S?m+27~1 gatisfying ||u|| # 0 and ||v|| # 0, there exists
(k1,k%) € K and u > 0,v > 0 such that w = kjue; and v = kbve,,+1. Since
@((91792)7“‘ D 'U) = (I)((glklllaQQké%uel D U€m+1), we obtain

®((g91,92), u ®v)

= aexp (—(1 +icy)log ”ﬁ;ﬁ”) gi1u ® Bexp (—(1 +ico) log ”ﬁa}l”) gov,
where
a = aflog 127 tog 12, o,
5= 00 1 1o 12220, o,

For ||ull||v]| = 0, we see

D((g1,92),u @ 0) = exp(—(1 +ic1) log|lgrul])gru @ 0,
D((g1,92),0 @ v) = 0P exp(—(1 + ica) log|lgav||) g2v.

Hence we see that & = & if O, ) = ‘1331(6,1’6,2) and (c1,c2) = (c), ).

5 Induced smooth R?-action on F

Let ® : G x §2m+2n—1 __, §2m+2n—1 he 3 smooth G-action whose restricted
K-action is ¢ and F' = F/(L(m) x L(n)) and let ® (., c,) be the induced R*-
action on F. We denote X = (u,v) € F and © = (0;,65) € R®. Then the
action ® (., ., is described by

(I)M(cl,t:2) (@7 X) = (’U,Oé(@, X): Uﬂ(@7 X))



for certain complex valued smooth functions «, on R? x F satisfying the
equations

(1) Oé(@, ¢((t17 t2)7 X)) = Oé(@, X)a 6(@7 ¢((t15 t2)7 X)) = ﬁ(@, X)v

(i) a(0, X) = 4(0, X) = 1,

where (t1,t2) € T (see §4). Since @y, c,) is the RZ-action, we also obtain
the equations

(iii) a(® + 0, X) = (0, (a(0, X)u, 3(0, X)v))a(0, X) ,

(iv) B(6' + O, X) = B(E, (a(®, X )u, (6, X)1))3(6, X) .

By these equations, we have

a(0,X) #0,6(0,X)#0

for any (0, X) € R* x F.

Let «, 8 be complex valued smooth functions on R? x F satisfying the four
conditions above and c¢1,cy be any real numbers. We define a mapping ¢ :
G % S2m+2n—1 _ S27n+2n—1 by

®((g1,92), u © v)

llgrul |g2v ||

= aexp(—(1 +icy)log ] Ygr1u & Bexp(—(1 + icy) log ol )gov
where
lgrull  llg2vll
a = a(log ;log Nl [loll),
[ o]l
lgrall  llg2v]]
B = B(log ;log sl lol])
[l [[v]]

for any u @ v € S22~ satisfying ||u| # 0 and ||v|| # 0 and

®((91,92), u ® 0) = exp(—(1 +icy) log|lg1ul)g1u © O,
®((91,92), 0 v) = 0 exp(—(1 + ica) log| g2 gov.
By a routine work, we have
PROPOSITION 5.1. ® is an abstract G-action on S2m+2n—1,
However this action is not smooth in general.

PROPOSITION 5.2. Ifaa= (=1, then ® is not smooth.

The proof is same as [8].
In the rest of this paper, we construct some smooth G-actions on §2m+2n—1,

6 Construction of smooth G-actions on S*"2"~1

6.1 Certain smooth actions of SL(m,C) on C™
For any real number ¢, we define the map ¢, . : SL(m,C) x C™ — C™ by

©m,c(A, u) = sexp(iclog s)Au,



where
B 2

1= [l + (4l Aw[* + (1 = [Ju]?)?)*

Then we see that ¢, . is a smooth SL(m, C)-action on C™ and the three sets

{u e C"[[luf <1}, {u € C"|[ul| = 1}, {u € C™"[[lu]| > 1}
are invariant under the action ¢y, .. Moreover, if ||u| # 1, then we have

exp(—iclog s) 1
Omc(Au) = ——=Au
1= [l@m.e(A w)? 1—[lu]?

and if ||u|| = 1, then we have
Om,c(A,u) = exp(—(1 +ic) log|| Au||) Au.
We put D?™ = {u € C™|||u|| < 1} and define the map h : D*™ — D?™ by

exp(—iclog(l — ||ul*))
1 — [Juf?

hiu) =

Then the map h is an equivariant diffeomorphism of D?™ with the action @, .
onto C™ with the linear action. Now we define a smooth R-action ¢, . :
RxC — C by

¢m,c(97 Z)el - <)Om,c(Dl,c(e)a 261).
We see that the R-action ¢,, . on C corresponds to the following vector field
m on C :

1—|z)?

m = 152 T |z|2

((1 + ic)zd% + (1 ic)zj_) :

z

where we identify C' with R? by z = z + iy and put
d 1/0 .0 d 1/0 .0
—==|l=—=i—), ===|=—+i=]).
dz 2\ 0x oy dz 2\ 0x dy

6.2 Construction of smooth G-actions on S?"27~1

First, we shall construct a smooth one-parameter group on F'.
Let k,! be diffeomorphisms of C x S' onto open sets of F defined by

k(2 1) = z 4t
’ VI6 227 /16 + 22 )

1(2,1) 4t z
Z, = , .
V16 + 227 /16 + |2]2



Let p(z) be a smooth real valued even function such that

p(x) =1 for |z| <1,
p(x) =0 for |z| > 2,
0<plx)<lforl<]z|<2

and monotone decreasing at 1 < x < 2 and let o(z) be the smooth function on
C defined by o(z) = p(|z]) .

Let 12 be the tangent vector field induced from the R*-action ® M(0,0) on F.
Namely, we put

Define a tangent vector field £ on F' by

12
£ = k(o) + 0) +L(o(X)n + 0) + (o(542) = o662,
where O is the zero vetor field on St .
Let ¢ be the one-parameter group on F' corresponding to the vector field & .
Since the vector field ¢ is invariant under the standard T- action on F' | we see
that

Y((D1(tr), Da(t2)), (0, (u,v))) = ¢(0,»((D1(t1), Da(t2)), (u,v)))  (6.1)

for (tl,tQ) efT.
Now we define a smooth R?-action ¢ on F by

¢(017 (’LL, U)) for |’ll,|2 < %7
90((01’ 02)7 (ua U)) = ¢(027 (ua ’U)) for |'LL|2 > %
¢(aby + b, (u,v)) for & < |u> < 3,

where a,b are real numbers. Since £ =0 for § < [uf> < § and 2 < [u]? < § ,
we see that ¢ is smooth on F'.

By the use of (6.1), we can put ¢((61, 62), (u,v)) = (ua(by, b2, u,v),v8(01, b2, u,v))
for some complex valued functons «, 3 on R”x F', where the functons satisfy four
conditions in §4. Thus we can construct an abstract G-action ® on §2m+2n-1
defined in §4

Now we show that ® is smooth on neighborhoods of w = 0 and v = 0.

Let k : C™ x §2n—1 —, §2m+2n—1 he the diffeomorphism onto an open set of
§2m+2n—1 defined by
k(u,v) = ! E u @ 1

V16 + ||u|

v.
V16 + [Ju||?

Then we see

~ 7 4 1
®((A,B),udv) =k (‘F’m»c(A’ = Huuzu)’ IIBulle>



for lul* < &. Hence ® is smooth on a neighborhood of u = 0. Similarly, we
may show that the smoothness of ® on a neighborhood of v = 0 .

Therefore we see that the G-action ® on S2"+27~1 is smooth. By this
G-action, we obtain the following:

THEOREM 6.1. There exists a smooth SL(m, C)xSL(n, C)-action on S?m+2n=1
such that it has five open orbits and the isotropy types of them are the following
s L(m) x Ly (1) (two orbits) , N((1 +1ic)b: —a), Ny (1) x L(n) (two orbits) for
any real numbers a,b, ¢ such that (a,b) # (0,0) .

COROLLARY 6.2. There are uncountably many topologically distinct smooth
SL(m,C) x SL(n,C)-actons on S*™+2"=1 with five open orbits whose restrict
SU(m) x SU(n)-action is ¢ .

Remark 6.3. By an exchange of the third term of the vector field &, we may
obtain another smooth SL(m, C) x SL(n,C)-acton on S?™+2"=1 with (4k + 1)
open orbits.
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