COMPLETION AND DIFFERENTIABILITY IN
WEAKLY O-MINIMAL STRUCTURES
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ABSTRACT. Let R = (R, <,+,-,...) be a non-valuational weakly
o-minimal real closed field, I a definable convex open subset of
R and f : I — R a definable function. We prove that {z € I :
f'(z) exists in R} is definable and f’ is definable if f is differen-
tiable.

1. INTRODUCTION

Weak o-minimality was introduced by M. A. Dickmann (see [2]).
After that several fundamental results of weakly o-minimality were
proved by D. Macpherson, D. Marker and C. Steinhorn in [3].

Non-valuational weakly o-minimal expansions of ordered groups and
ordered fields were studied by D. Macpherson, D. Marker and C. Stein-
horn in [3], by R. Wencel in [6]. Now, it is known that the model theory
of weakly o-minimal structures does not develop as smoothly as that
of o-minimal structures, see [3]. However non-valuational weakly o-
minimal expansions of ordered groups are very similar to o-minimal
structures. In particular, R. Wencel showed that every non-valuational
weakly o-minimal expansion of an ordered group admits an o-minimal
style cell decomposition in [6].

On the other hand, differentiability and analyticity properties of de-
finable functions for weakly o-minimal expansions of real closed fields
are scarcely studied (see [3, Open problem 3]).

Throughout this paper, “definable” means “definable possibly with
parameters” and we assume that the structure R = (R, <,...) is an
expansion of (R, <) equipped with a dense linear ordering < without
endpoints. The set of positive integers is denoted by N.

2. PRELIMINARIES

A subset A of R is said to be conver if a,b € A and ¢ € R with a <
¢ < bthen ¢ € A. Moreover if A= () or inf A,sup A € RU{—o0, +0o0},
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then A is called an interval in R. We say that R is o-minimal (weakly
o-minimal) if every definable subset of R is a finite union of intervals
(convex sets), respectively.

For any subsets C, D of R, we write C' < D if ¢ < d whenever ¢ € C'
and d € D. A pair (C, D) of non-empty subsets of R is called a cut
in Rif C < D,CUD = R and D has no lowest element. A cut
(C, D) is said to be definable in R if the sets C, D are definable in R.
The set of all cuts definable in R will be denoted by R. Note that we
have R = R if R is o-minimal. We define a linear ordering on R by
(Cy, Dy) < (Cy, Do) if and only if ) C Cy. Then we may treat (R, <)
as a substructure of (R, <) by identifying an element a € R with the
definable cut ((—o0,al, (a,+o0)). We equip R (R) with the interval
topology (the open intervals form a base), and each product R* ((R)")
with the corresponding product topology, respectively.

Recall the notion of definable functions from [6]. Let n € N and
A C R" definable. A function f : A — R is said to be definable if the
set To(f) :=={(z,y) € R"" :x € A,y < f(x)} is definable. A function
f: A — RU{—o00,+oc} is said to be definable if f is a definable
function from A to R, f(x) = —oo for all z € A, or f(z) = +oo for all
x € A

Let R = (R,<,+,...) be a weakly o-minimal expansion of an or-
dered group (R, <,+). By [3, Theorem 5.1], the structure R is di-
visible and abelian. A cut (C, D) is said to be non-valuational if
inf{fy —x : v € C,y € D} = 0. We say that the structure R is
non-valuational if all cuts definable in R are non-valuational.

Let R = (R,<,+,,...) be a non-valuational weakly o-minimal
expansion of an ordered field (R, <,4+,-). By [3, Theorem 5.3], the
structure R is real closed. For any subsets A, B of R, we define
A+B:={z+y:ce€AyeB},A-B:={x—y:ax € Ay e B},
A-B:={zx-y:z € Ay € B} and —A := {—x : = € A}. Note
that C' — D = (—00,0) and D — C' = (0, +00) for any element (C, D)
of R. Also notice that for any positive element (C, D) of R we have
inf{z~-y:2 e CN(0,+00),y € D} =1, and for any negative element
(C, D) of R we have inf{z-y~!:2 € C,y€ DN (~o0,0)} = 1. For
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any elements (Cy, D1), (Cy, Dy) of R, we define
(C1, D1) +(Ca, Do) := (R \ (D1 + D), Dy + Ds),
<Ol7 D1> : <027 D2>

(R\ (D, - Dy),D; - D) if0eCyand 0 € Cy
(cl(—((=Cy) - Dy)), R\ cl(—((=C4) - D)) if 0 € Dy and 0 € Cy
(l(—(Dy - (=C))), R\ cl(—(Dy - (—=C%)))) if 0 € C; and 0 € Dy
(R\ int(C} - Cy), int(C} - Cy)) if 0 € D) and 0 € Ds,

where for each n € N the topological closure in R"™ of a set A C R" is
denoted by cl(A), and its topological interior in R"™ by int(A). Then,
by the argument of [6], the structure (R, <, +, ) is an ordered field and
the structure (R, <,+, ) is a subfield of it.

Recall the notion of the strong monotonicity from [6].

Definition 2.1. We say that a weakly o-minimal structure R = (R, <
,...) has the strong monotonicity if for each definable set I C R and
cach definable function f : I — R, there exists a partition of I into
a finite set X and definable convex open sets I, ..., I, such that for
each i € {1,...,k}, one of the following conditions holds.

(1) f|I; is constant.

(2) f|I; is strictly increasing and for any a, b € I; with @ < b and any
¢,d € R with f(a) < ¢ <d < f(b), there exists some z € (a,b)
such that ¢ < f(z) < d; in particular f|/; is continuous.

(3) f|I; is strictly decreasing and for any a,b € I; with a < b
and any ¢,d € R with f(a) > ¢ > d > f(b), there exists
some = € (a,b) such that ¢ > f(z) > d; in particular f|I; is
continuous.

Theorem 2.2 ([6, Lemma 1.4]). Suppose that R = (R, <,+,...) is a
weakly o-minimal expansion of an ordered group (R, <,+). Then the
following conditions are equivalent.

(1) R is non-valuational.
(2) R has the strong monotonicity.

3. COMPLETIONS IN WEAKLY O-MINIMAL STRUCTURES

In this section, we calculate the completion of some weakly o-minimal
structures.

Let M; = (Q, <, P1), where the unary relation symbol P; is inter-
preted by the convex set (—oo,v/2) N Q. Then, by [1], the structure
M is weakly o-minimal.
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Proposition 3.1. We have that M, = QU {v/2}. Here we consider
the cut ((—o00,v/2), (v/2,+00)) the point /2.

Proof. Because the structure M; admits elimination of quantifiers, we
have the proposition. O

Let My = (Q, <, P,), where the unary relation symbol P; is inter-
preted by the convex set (—v/2,4/2) N Q. Then, by [1], the structure
M is weakly o-minimal.

Proposition 3.2. We have that My = QU {\/_, —\/5} Here we con-

sider the cuts ((—00,v/2),(V2,+00)), (=00, —v/2) and (—v/2, +0c0))
the points /2 and —v/2, respectively.

Proof. Let M}, := (My, P}), where the unary relation symbol Pj is
interpreted by the convex set (—oco, —v/2)NQ. Then, the structure M)
admits elimination of quantifiers. It follows that My = QU{v/2, —/2}.

O

Let M3 = (Q, <, 0,4+, —, P;), where the unary relation symbol P is
interpreted by the convex set (—oo, v/2)NQ. Then, by [1], the structure
M3 is weakly o-minimal.

Proposition 3.3. We have that Mz = {a +bv/2: a,b € Q}. Here we

consider the cut ((—oo,a+bv/2), (a+by/2,4+00)) the point a+b\/2 for
each a,b € Q.

Proof. 1t was proved in [4] that its definable expansion
Mg = (Q> < 07 +, =, P?n fm(x))l<m<w

admits elimination of quantifiers; here f,,(z) = x/m. It follows that

Ms={a+by2:a,beQ}. O

4. DIFFERENTIABILITY OF DEFINABLE FUNCTIONS

Throughout this section, we assume that R = (R, <,+,-,...) is a
non-valuational weakly o-minimal expansion of a real closed field (R,
<+, ).

Lemma 4.1 ([6, Lemma 1.2]). Let I C R be a non-empty definable
conver open set and f : I — R a definable function. Then the limits
lim,—sup -0 f(z) and im,_ine 140 f(x) exist in R U {—o00,4+00}.
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Let I be a non-empty definable open subset of R and f: I — R a
definable function. For each x € I, we define the limits

fle+1) - f=)

fi(a) = lim . ,
v e flatt) = f(2)
fo(x) = lim ; :
oy fle+t) = fx)
fw) = Jing ¢ ’

Lemma 4.2 ([5, Lemma 3.3]). Let I C R be a non-empty definable
conver open set and f : I — R a definable function. Then, for each
x € I the limits f'(z) and f’ (x) exist in R U {—o00, +00}.

Proof. Suppose that x € I. We define g(t) := t~'(f(z +t) — f(z))
on an open interval (0,¢). Then, by Lemma 4.1, the limit f’ (z) =
lim ., g(t) exists in RU{—o0, +00}. Similarly, the limit f’ (x) exists
in RU {—o00,+00}. O

Lemma 4.3. Let [ be a non-empty definable convex open subset of R.

Let f: I — R be a definable function. Then, the sets {x € I : f/(z) =
+oo} and {x € I : fl.(v) = —oo} are definable.

Proof. We only show that the set {z € I : f () = +oo} is definable.
Let A == {z € I : fi(x) = 4oo}. Suppose that € I. Then,
there exists ¢ > 0 such that (z,z +¢) C I. We define g,.(t) :=
t=Y(f(x+t)— f(z)) on open interval (0,¢). Then, we have A = {z € I :
there exists € > 0 such that (z,z+¢) C I and lim; (g, -(t) = +00}.
By weak o-minimality of R, it follows that lim; .40 g,.(t) = +oo if
and only if for all ¢ € R there exists 6 € R with 0 < § < ¢ such that
Gre(t) > c for all t € (0,0). Also, g..(t) > ¢ for all t € (0,4) if and
only if for all ¢ € (0,0) there exists d > ¢ such that (t,d) € I'c(g..). It
follows that A is definable. O

By Lemmas 4.2 and 4.3, we have the following.

Lemma 4.4. Let I be a non-empty definable convex open subset of
R. Let f : I — R be a definable function. Then, the set {r el:
Ji(x) exists in R} is definable.

Theorem 4.5. Let I be a non-empty definable convex open subset of
R. Let f : I — R be a definable function. Then the set {r el:
f(x) exists in R} is definable.

Proof. Let A:={x € I : f\.(z), f_(z) exist in R}. By Lemma 4.4, the
set A is definable. For each x € A, we define g, (t) :=t ' (f(z +t) —



6 HIROSHI TANAKA AND TOMOHIRO KAWAKAMI

f(z)) on some set (—¢g,¢) \ {0} with (x —e,z+¢) CI. We fix x € A.
By Theorem 2.2, there exists ¢ > 0 with (r — e,z +¢) C I such that
9z¢](0,¢) and g, |(—¢,0) are strictly monotone or constant.

Without loss of generality, we may assume that both g, .|(0,¢) and
gzc|(—€,0) are strictly increasing. Now, ¢, |(0, ) is strictly increasing
if and only if for each t;,t; € (0,¢) with ¢; < ¢y there exists y € R
such that (t1,y) ¢ I'c(g..) and (t2,y) € I'c(gse). Moreover we have
that lim; ¢ ¢..(t) < limy400.(t) if and only if there exist a,b €
R with a < b such that for each s € (—¢,0) and for each y € R,
if (s,y) € I'(gse) then y < a, and for each ¢t € (0,¢) there exists
z € R with b < z such that (¢,2) € I'c(g,.). We also have that
limy 40 gse(t) < limy,_og..(¢t) if and only if there exist a,s,t,y, 2
with s € (—¢,0) and t € (0,¢) such that z < a <y, (s,y) € I'<(gur)
and (t, z) € [ -(g,.). It follows that the set {x € I : f/(z) exists in R}
is definable. U

Theorem 4.6. Let I be a non-empty definable conver open subset of
R. Let f : I — R be a definable function. Suppose that the function
f is differentiable at all points of I. Then, the function f' : I — R is
definable.

Proof. Let T'<(f%) :={
we have that (z,y) E
y < zand (z,2) € I'<
definable.

We fix € I. By Theorem 2.2, there exists ¢ > 0 with (z,2+¢) C I
such that the definable function g : (0,€) — R defined by g(t) :=
t7Y(f(z +t) — f(zx)) is strictly monotone or constant. We assume
that the function ¢ is strictly increasing on the open interval (0,¢).
The other cases are similar. Then, for each y € R we obtain that
(w,y) € T<(f}) if and only if (t,y) € I'c(g) for each t € (0,e). It
follows that I'<(f%) is definable. O

(r,y) e I x R:y < f'.(x)}. For each z,y € R,
I'o(f}) if and only if there exists z such that
(f%). Hence, it suffices to show that I'<(f’) is
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